Central European Researchers Journal, Vol.5 Issue 2



Enumeration of Minimal Cut Vectors for
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Abstract—A current issue in reliability engineering is analysis of complex systems that are composed of many
heterogeneous components. Investigation of such systems requires development of new approaches that allow
representing their structure in an efficient way. A prospective way to solve this issue is application of decision
diagrams. However, their application requires development of new methods that allow performing reliability
analysis by computing basic characteristics, such as system availability or unavailability, by studying importance
of system components, or by enumerating circumstances under which an improvement of any system component
that the system is composed of results in improvement of performance of the system. These circumstances are
described by so-called minimal cut vectors. In this paper we present a simple algorithm for their enumeration
assuming that the structure of a system is represented by a multi-valued decision diagram.
Keywords—Minimal cut vector, multi-valued decision diagram, reliability, structure function.

I. INTRODUCTION
Development of highly reliable systems is a key task in many engineering fields. Such a
development requires methods that are able to analyze current complex systems in an efficient
way [1]. The key input to these methods is a mathematical model of the system, which has to
carry all information that are necessary for answering key questions of reliability analysis, such
as, how reliable is the system [2], [3], which components are most important for operation of
the system [4], how to optimize system reliability [4], [5], or how to plan system maintenance
[6]. A typical part of the model of a system is mathematical representation of its structure. This
representation is known as structure function [2], [3].
The structure function carries information about dependency of performance of the system
based on the performance of its components. The performance of the system and its components
can be represented by integer numbers denoted as states. If only two states are defined for the
system and all its components, which are state 0 (failure) and state 1 (functioning), then the
system is known as a Binary-State System (BSS). Structure function of this kind of a system
has the following form [2]:
𝜙(𝑥1 , 𝑥2 , … , 𝑥𝑛 ) = 𝜙(𝒙): {0,1}𝑛 → {0,1},

(1)

where 𝑛 denotes the number of the system components, 𝑥𝑖 is a variable defining state of
component 𝑖 of the system, for 𝑖 = 1,2, … , 𝑛, and 𝒙 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) is a vector of components
states (state vector). As one can see, this function formally agrees with a Boolean function. This
allows us to use approaches and mathematical methodologies of Boolean logic in reliability
analysis of BSSs [2], [7].
Models based on structure function (1) are useful in the analysis of systems in which any
deviation from perfect functioning can result in a disaster, e.g., nuclear power plants [8] or
aviation systems [9], in investigation of systems that are binary-state from their nature, e.g.,
logic circuits [10], or in studying consequences of system failure [11]. However, they are not
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very suitable for the analysis of systems that can operate at several performance levels, e.g.,
different kinds of distribution networks [1], [12], or systems composed of various types of
components that are very different in their nature, e.g., socio-technical systems [1], such as
healthcare systems [13], [14], or software systems, such as temporal databases studied in [15].
These and other systems which can be in one of more than two states are known as Multi-State
Systems (MSSs). In this case, the structure function has the following form [16], [17]:
𝜙(𝑥1 , 𝑥2 , … , 𝑥𝑛 ) = 𝜙(𝒙):
{0,1, … , 𝑚1 − 1} × {0,1, … , 𝑚2 − 1} × … × {0,1, … , 𝑚𝑛 − 1} → {0,1, … , 𝑚 − 1},

(2)

where, as in the case of a BSS, 𝑛 agrees with the number of system components, 𝑥𝑖 is a variable
defining state of the 𝑖-th system component, for 𝑖 = 1,2, … , 𝑛, 𝒙 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) is a state
vector defining states of all the system components, 𝑚 denotes the number of system
states/performance levels (value 0 agrees with complete failure, while value 𝑚 − 1 corresponds
to perfect functioning of the system), and 𝑚𝑖 agrees with the number of states of component 𝑖
(similarly, state 0 means that the component fails, while state 𝑚𝑖 − 1 agrees with its perfect
functioning). Specially, if 𝑚1 = 𝑚2 = ⋯ = 𝑚𝑛 = 𝑚, then the MSS is homogeneous [3], [18].
Moreover, if 𝑚1 = 𝑚2 = ⋯ = 𝑚𝑛 = 𝑚 = 2, structure function (2) agrees with structure
function of a BSS, therefore, a BSS can be viewed as a special type of a homogeneous MSS.
Other parts of the model of a system under consideration are state probabilities of the system
components denoted for MSSs as follows [19]:
𝑝𝑖,𝑠 = Pr{𝑥𝑖 = 𝑠}, for 𝑖 = 1,2, … , 𝑛, 𝑠 = 0,1, … , 𝑚𝑖 − 1,
𝑖 −1
∑𝑚
𝑠=0 𝑝𝑖,𝑠 = 1, for 𝑖 = 1,2, … , 𝑛.

(3)

In case of BSSs, 𝑝𝑖,0 is denoted as 𝑞𝑖 and is known as unavailability of the i-th system
component and 𝑝𝑖,1 , known as component availability, is denoted simply as 𝑝𝑖 [2], [11]. These
state probabilities are very important for quantitative analysis because if we combine them with
the knowledge of the structure function, then they can be used to compute global reliability
measures, such as system availability or unavailability [2], [3], or to analyze importance of the
system components for operation of the system [4].
Depending on the properties of structure function, MSSs as well as BSSs can be classified
into two groups – coherent and noncoherent [4], [20]. A system is coherent if (a) all its
components are relevant, i.e., for each component there exists a situation in which a change of
component state results in a change of state of the system, and (b) the structure function is nondecreasing in all its arguments, i.e., there are no circumstances under which a failure/
degradation of any system component results in a repair/improvement of the system. If these
assumptions are not satisfied, then the system is noncoherent. In the rest of the paper, we will
assume that the system under consideration is coherent.
Structure function of a MSS is an integer function. Such a function can be represented in
various ways [21]. Multi-valued Decision Diagrams (MDDs) [21], [22] belong to the most
efficient representations. These diagrams have been developed as a generalization of Binary
Decision Diagrams (BDDs) [23], [24], which are used for representation of Boolean functions.
Application of decision diagrams, BDDs as well as MDDs, in reliability analysis have been
considered in several papers. Most of the papers focus on their use in quantitative analysis. For
example, computation of availability of a BSS and evaluation of importance of the components
based on a BDD has been considered in [25], [26]. Algorithms for quantification of reliability
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of MSSs based on MDDs have been considered in [18], [27]. Works as [18], [28] then have
dealt with their use in study of importance of system components for operation of the system.
Decision diagrams can also be used in qualitative reliability analysis, which focuses on
detection of scenarios under which specific changes in system performance occur. For example,
works [25], [29] have dealt with finding circumstances under which a failure/degradation of a
component of a BSS/MSS results in a failure/degradation of the system using a BDD/MDD. In
[30], a method for detection of Minimal Cut Sets (MCSs), which represent minimal sets of
components whose simultaneous failure results in a failure of a BSS, have been proposed. In
this case, it is important to note that any MCS of a BSS can also be expressed in a form of a
state vector. This representation is known as a Minimal Cut Vector (MCV), and it defines
circumstances under which a repair of any non-working component results in a repair of the
whole BSS. Algorithms for their detection based on BDDs can be found in [31].
MCSs and MCVs belong to one of the most important concepts in reliability analysis of BSSs
because they are useful not only in qualitative analysis but also in quantitative analysis [4],
[32] – [34]. These concepts can also be generalized for MSSs. For example, one of their first
generalizations for homogenous MSSs can be found in [35]. Unlike BSSs, where the concept
of MCSs is more often used than the concept of MCVs, MCVs are more common in reliability
analysis of MSSs than MCSs.
In case of MSSs, a MCV corresponds to a situation in which a minor improvement (i.e.,
improvement by one state) of any non-perfectly working component results in improvement of
the system. Their knowledge can be used, for example, to quantify reliability of a MSS [36],
[37] or to evaluate influence of system components or their states on reliability of MSSs [37].
Several algorithms have been proposed for their detection. Most of the algorithms, e.g.,
[38] – [40], are specially designed for network systems. Another algorithm considered in [41],
have been proposed for their identification using a mathematical methodology known as logic
differential calculus. In this work we present one more algorithm, which is based on traversing
a MDD expressing the structure function of a MSSs. In some sense, the algorithm can be viewed
as a generalization of the algorithm proposed in [31] for identification of MCSs of a BSS using
BDDs or as a modification of the algorithm proposed in [42] for enumeration of all MCVs of a
BSS based on the structure function expressed in a tabular form. Since the algorithm is very
simple, it can be used for evaluation of other more sophisticated algorithms, e.g., that
considered in [41], which is based on logic differential calculus.
II. RELIABILITY ANALYSIS BASED ON MINIMAL CUT VECTORS
A. Binary-State Systems
MCVs have an important role in reliability analysis. For their introduction, let us assume that
relation 𝒚 > 𝒙 between state vectors 𝒚 = (𝑦1 , 𝑦2 , … , 𝑦𝑛 ) and 𝒙 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) means that
𝑦𝑖 ≥ 𝑥𝑖 for all 𝑖 ∈ {1,2, … , 𝑛} and there is at least one 𝑖 such that 𝑦𝑖 > 𝑥𝑖 . Using this relation,
state vector 𝒙 is a MCV of a BSS if 𝜙(𝒙) = 0 and 𝜙(𝒚) = 1 for any 𝒚 > 𝒙 [4]. Specially, if
only the first part of this definition holds, i.e., 𝜙(𝒙) = 0, then vector 𝒙 is known as a cut vector.
The definition of a MCV implies that it corresponds to a situation in which the system is not
working but a repair of any non-working component results in making the system functioning.
Thank to this special property, MCVs can be used to compute system unavailability, i.e., the
probability that the system fails, using the following formula [31]:
𝑁𝐶

𝑈 = Pr{𝜙(𝒙) = 0} = Pr {⋃{𝒙 ≤ MCV𝑣 }},

(4)

𝑣=1
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where 𝑁𝐶 agrees with the number of all MCVs of a BSS, MCV𝑣 denotes the 𝑣-th MCV of the
system, for 𝑣 = 1,2, … , 𝑁𝐶 , and event {𝒙 ≤ MCV𝑣 } means that an arbitrary state vector 𝒙 is less
than or equal to the 𝑣-th MCV, where relation 𝒙 ≤ 𝒚 between state vectors 𝒙 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 )
and 𝒚 = (𝑦1 , 𝑦2 , … , 𝑦𝑛 ) means that 𝑥𝑖 ≤ 𝑦𝑖 for all 𝑖 ∈ {1,2, … , 𝑛}.
System unavailability (4) can next be used in computation of system availability, i.e., the
probability that the system is working, as follows [2]:
𝐴 = Pr{𝜙(𝒙) = 1} = 1 − 𝑈,

(5)

or in quantification of importance of component 𝑖 of the system for operation of the system via
Fussell-Vesely’s Importance (FVI) [32], [33] in the next manner [34]:
FVI𝑖 =

Pr{∃MCV(0𝑖 ) ∈ MCVs; 𝒙 ≤ MCV(0𝑖 )}
,
𝑈

(6)

where MCVs is a set of all MCVs of the system, MCV(0𝑖 ) is a MCV in which 𝑥𝑖 = 0, and event
{∃MCV(0𝑖 ) ∈ MCVs; 𝒙 ≤ MCV(0𝑖 )} means that there is at least one MCV with 𝑥𝑖 = 0 that is
greater than or equal to an arbitrary state vector 𝒙.
A. Multi-State Systems
MCVs are useful not only in reliability analysis of BSSs but also in the analysis of MSSs.
Unlike BSSs, MCVs of MSSs are defined with respect to a specific state of the system. In this
case, a MCV with respect to state 𝑗 of a system, for 𝑗 = 1,2, … , 𝑚 − 1, is defined as state vector
𝒙 such that 𝜙(𝒙) < 𝑗 and 𝜙(𝒚) ≥ 𝑗 for any 𝒚 > 𝒙 [3]. As in the case of BSSs, any state vector
𝒙 such that 𝜙(𝒙) < 𝑗 is known as a cut vector of a MSS with respect to system state 𝑗. According
to this definition, a MCV characterizes a situation in which the system is not able to satisfy
demand requiring at least performance corresponding to state 𝑗 of the system but improvement
of any non-perfectly working component (a component that is in a state less than 𝑚𝑖 − 1 for
𝑖 ∈ {1,2, … , 𝑛}) causes that the system will be able to satisfy this demand.
As in the case of BSSs, MCVs can be used to compute unavailability of the system with
respect to state 𝑗 as follows [37]:
𝑁 ≥𝑗
𝐶
≥𝑗

𝑈 ≥𝑗 = Pr{𝜙(𝒙) < 𝑗} = Pr { ⋃ {𝒙 ≤ MCV𝑣 }} , for 𝑗 ∈ {1,2, … , 𝑚 − 1},

(7)

𝑣=1

where, similarly as in the case of BSSs, 𝑁𝐶 ≥𝑗 agrees with the number of all MCVs for state 𝑗 of
≥𝑗

the system, MCV𝑣 denotes the 𝑣-th MCV for state 𝑗 of the system, for 𝑣 = 1,2, … , 𝑁𝐶 ≥𝑗 , and
≥𝑗

event {𝒙 ≤ MCV𝑣 } means that an arbitrary state vector 𝒙 is less than or equal to the 𝑣-th MCV
for state 𝑗 of the system. This formula can be used to compute availability of a MSS, i.e., the
probability that the system is able to satisfy demand requiring at least state j of the system in
the following way [37]:
𝐴≥𝑗 = Pr{𝜙(𝒙) ≥ 𝑗} = 1 − 𝑈 ≥𝑗 , for 𝑗 ∈ {1,2, … , 𝑚 − 1}.

(8)

MCVs of MSSs can also be used to analyze importance of a specific component state on a
specific state of the system. For this purpose, generalizations of FVI (6) can be used. One of
them is the FVI proposed in [43], which allows us to quantify how all states of the 𝑖-th system
component that are worse than state 𝑠 contribute to unavailability of the system computed with

70

CERES ©2019

Central European Researchers Journal, Vol.5 Issue 2

respect to state 𝑗. This FVI is defined as follows:
≥𝑗
FVI𝑖,𝑠↘

Pr{∃MCV ≥𝑗 ((𝑠 − 1)𝑖 ) ∈ MCVs ≥𝑗 ; 𝒙 ≤ MCV ≥𝑗 ((𝑠 − 1)𝑖 )}
=
,
𝑈 ≥𝑗

(9)

for 𝑠 ∈ {1,2, … , 𝑚𝑖 − 1}, 𝑗 ∈ {1,2, … , 𝑚 − 1},
where MCV ≥𝑗 is a set of all MCVs for system state 𝑗, MCV ≥𝑗 ((𝑠 − 1)𝑖 ) is a MCV for system
state 𝑗 in which 𝑥𝑖 = 𝑠 − 1 and event {∃MCV ≥𝑗 ((𝑠 − 1)𝑖 ) ∈ MCVs ≥𝑗 ; 𝒙 ≤ MCV ≥𝑗 ((𝑠 − 1)𝑖 )}
means that there is at least one MCV for system state 𝑗 with 𝑥𝑖 = 𝑠 − 1 that is greater than or
equal to an arbitrary state vector 𝒙. Slight modification of this measure can be used to study
how a minor degradation (degradation by one state) of a given state of a given component
contributes to unavailability computed with respect to system state 𝑗. This modification has
been introduced in [37] and results in the following formula:
≥𝑗

FVI𝑖,𝑠 =

Pr{∃MCV ≥𝑗 ((𝑠 − 1)𝑖 ) ∈ MCVs ≥𝑗 ; ((𝑠 − 1)𝑖 , 𝒙) ≤ MCV ≥𝑗 ((𝑠 − 1)𝑖 )}𝑝𝑖,𝑠−1
,
𝑈 ≥𝑗

(10)

for 𝑠 ∈ {1,2, … , 𝑚𝑖 − 1}, 𝑗 ∈ {1,2, … , 𝑚 − 1},
where event {∃MCV ≥𝑗 ((𝑠 − 1)𝑖 ) ∈ MCVs ≥𝑗 ; ((𝑠 − 1)𝑖 , 𝒙) ≤ MCV ≥𝑗 ((𝑠 − 1)𝑖 )} agree with a
statement that there exist at least one MCV for system state 𝑗 in which 𝑥𝑖 = 𝑠 − 1 that is greater
than or equal to an arbitrary state vector ((𝑠 − 1)𝑖 , 𝒙) = (𝑥1 , 𝑥2 , … , 𝑥𝑖−1 , (𝑠 − 1)𝑖 , 𝑥𝑖+1 , … , 𝑥𝑛 ).
This FVI can also be used to compute how a specific component (not only its specific state)
contributes to unavailability of the system computed with respect to state 𝑗 of the system [37].
According to the previous paragraphs, MCVs have various usage in reliability analysis.
Because of that, their efficient identification belongs to an important issue in reliability analysis.
One simple algorithm can be formulated based on the assumption that the structure function is
expressed using a decision diagram. Since BSSs can be viewed as a homogeneous MSS with
𝑚 = 2, an algorithm that allows finding all MCVs for state 𝑗 of a MSS can also be used to find
all MCVs of a BSS simply be specifying that 𝑚1 = 𝑚2 = ⋯ = 𝑚𝑛 = 𝑚 = 2 and 𝑗 = 1. Thus,
we will mainly focus on MSSs in what follows.
III. MULTI-VALUED DECISION DIAGRAMS
The structure function of a MSS can be represented in various ways. The most common
approaches are truth table, symbolic expression, and MDD (Fig. 1). The truth table explicitly
defines system state for each state vector. It is quite simple to analyze system reliability using
the truth table, but this representation can only be used for small systems because it has large
memory consumption. Another problem of this form is that if we want to estimate system
reliability, then we have to investigate all state vectors, which can be quite time-consuming.
Symbolic expressions are usually less memory consuming but their processing on a computer
is usually quite complicated. A MDD is a compromise between these two representations.
A MDD is a generalization of a BDD, which has been introduced by Lee and Akers in [23],
[24] for efficient representation of and manipulation with Boolean functions. A MDD is a
directed acyclic graph used for representation of multiple-valued logic [22] and integer
functions [21]. It contains one source node (denoted as the root) and several sink nodes. The
sink nodes represent values of an integer function represented by the MDD, the root and other
internal nodes agree with the variables of the function, and the outgoing edges of the root and
each internal node coincide with the possible values of the variables agreeing with the node.
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MSS of 3 components
x2

x3
x1

Structure function

(a) Truth Table
x1
x2 x3
0 0
0 1
0 2
1 0
1 1
1 2

(b) Symbolic expression

0

1 2

(x) = min{x2, x3} + min{x1, 1}

0
0
0
0
1
1

1
1
1
1
2
2

where I(.) is a function that takes
value 1 if the argument interpreted
as a condition is true, otherwise it
takes value 0.

1
1
1
1
2
3

(c) MDD
0

+ I(x1 = 2)I(x2 = 1)I(x3 = 2),

x1

2

1

x2
0

0

0

1

x3

0

2
1

0

x2

0

1

x3

2
1

1

2

x2

0
1

1

x3

2

3

Fig. 1. Various representations of structure function of a MSS composed of 3 components with 4
system states and with components states defined as 𝑚1 = 3, 𝑚2 = 2, and 𝑚3 = 3.

In reliability analysis, a MDD can be used to represent structure function of a MSS [16], [27].
In this case, the sink nodes represent states of the system, therefore, such a MDD contains 𝑚
sink nodes labeled by numbers from 0 to 𝑚 − 1. The non-sink nodes (the root and all internal
nodes) of the MDD correspond to the system components. Each non-sink node that represents
the 𝑖-th system component, has then 𝑚𝑖 outgoing edges labeled by numbers from 0 to 𝑚𝑖 − 1.
These edges correspond to states of the 𝑖-th system component. Every path from the root to a
sink node, which agrees with state 𝑗 of the system, represents one or more state vectors. If a
path contains each component of the system, then it corresponds to one state vector. If some
components are not included in a path, then this path corresponds to more state vectors, i.e., all
state vectors, whose elements are present in the path are set according to labels of edges in this
path, and elements that are not included in the path can take arbitrary feasible states. For
example, a path that does not contain components 𝑖1 and 𝑖2 of the system, whose structure
function is represented by the MDD, covers 𝑚𝑖1 𝑚𝑖2 different state vectors. If we look at Fig. 1,
then we can see that the blue dotted path does not contain variable 𝑥3 , which defines state of
component 3, therefore, this path covers 𝑚3 = 3 different state vectors. These state vectors are
(1,0,0), (1,0,1), and (1,0,2), and the structure function takes value 1 for all of them because
the blue dotted path, which covers them, ends in sink node labeled by number 1.
A MDD has less demands on memory than the truth table and also it is more convenient for
computer implementation than the symbolic expression. Therefore, it can be used for
representation of structure function of large systems. Some aspects on evaluation of reliability
of a system represented by the MDD can be found in [16], [29], [44]. In this paper, we extend
results from those works by introducing an algorithm for enumeration of all MCVs of a MSS.
IV. ALGORITHM FOR ENUMERATION OF ALL MINIMAL CUT VECTORS OF A MULTI-STATE
SYSTEM REPRESENTED BY MULTI-VALUED DECISION DIAGRAM
A. Prepositions
The definition of a MCV introduced in section II implies that a state vector 𝒙 is a MCV for
state 𝑗 of a MSS if and only if an improvement of any non-perfectly working component, which
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is in a state defined by the MCV, by one state results in improvement of the system above state
𝑗 − 1. In other words, if we use the following notation:
𝒙(𝑖) = (𝑥1 , 𝑥2 , … , 𝑥𝑖−1 , min{𝑥𝑖 + 1, 𝑚𝑖 − 1} , 𝑥𝑖+1 , … , 𝑥𝑛 ),

(11)

then it is clear that:
∀𝒚; 𝒚 > 𝒙: (∃𝑖 ∈ {1,2, … , 𝑛}: 𝒙(𝑖) ≤ 𝒚).

(12)

If we denote a set of all MCVs for state 𝑗 of the system as MCVs ≥𝑗 , then we can write:
(𝒙 ∈ MCVs ≥𝑗 ) ⇔ (∀𝑖 ∈ {1,2, … , 𝑛}; 𝒙(𝑖) ≠ 𝒙: 𝜙(𝒙(𝑖) ) ≥ 𝑗).

(13)

Formula (13) implies if want to check whether a state vector is a MCV, then we have to
compare it with at most 𝑛 other state vectors. This formula can be used for formulation of
algorithms for finding all MCVs. In [42], it has been used for introducing an algorithm that
assumes that the structure function is represented by the truth table. In this paper, we use it for
development of a simple algorithm for enumeration of all MCVs of a MSS based on the
assumption that the structure function is defined by a MDD.
One important fact that also results from the definition of a MCV of a MSS is that one state
vector can be a MCV for several states of the system. This situation occurs when degradation
of one or more system components by one state can result in a decrease in system performance
by more than one state. An example of such a system is shown in Fig. 2. As one can see, state
vector (0,2) in this system is a MCV for states 1 and 2 of the system.
MSS of 2 components in which m = 3, m1 = 3, and m2 = 2
x1

x2

Structure function
x1
x2
0
1
2

0

1

0
0
0

0
1
2

Fig. 2. Example of a simple series system in which a minor degradation of one component can result
in degradation of the system by more than one state.

The definition of a MCV and the assumption of system coherency imply if state vector 𝒙 is a
MCV for states 𝑗1 and 𝑗2 of the system, where 0 < 𝑗1 < 𝑗2 ≤ 𝑚 − 1, then it is also a MCV for
all states of the system between values 𝑗1 and 𝑗2 . So, we only need to know the minimal and
maximal states of the system for which state vector 𝒙 is a MCV. These two levels can be found
by using the following statements:
S1) if state vector 𝒙 is a MCV for a state of the system, then the minimal state of the system
for which it is a MCV agrees with 𝜙(𝒙) + 1,
S2) if state vector 𝒙 is a MCV for a state of the system, then the maximal state of the system
for which it is a MCV is defined as min{𝜙(𝒙(𝑖) )|𝑖 = 1,2, … , 𝑛 AND 𝒙(𝑖) ≠ 𝒙}.
Based on these two statements and the ideas presented above we can formulate the next
algorithm that allows us to enumerate all MCVs for all relevant states of a MSS based on the
assumption that the structure function of the MSS is represented by a MDD.
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B. Algorithm
The algorithm for finding all MCVs of a MSS has two phases. The basic idea of the first
phase lies in finding all paths from the root to sink nodes in the MDD for all system states
except state 𝑚 − 1 (the definition of a MCV implies that a state vector for which the system is
in state 𝑚 − 1 cannot be a MCV). As we mentioned earlier, each path in a MDD corresponds
to one or more state vectors. If there are more state vectors that are covered by the considered
MDD path, then the definition of a MCV introduced in section II implies that only the maximal
state vector can be a MCV. All these maximal state vectors identified during traversing the
MDD are candidates for MCVs of a MSS.
In the second phase, we only check which candidates are real MCVs and find minimal and
maximal system states, which are associated with given MCVs. To do this, we use the property
(13) of a MCV and statements S1) and S2). This second phase can also be performed during
the first phase, i.e., during the MDD traversal. In this case, we traverse the MDD from sink
nodes to the root and check whether the maximal state vector corresponding to a path identified
during the traversing meets property (13). The algorithm based on this idea can be formalized
as follows:
1.

Set the Current Node (CN) to sink node with label 0. Set variable 𝑗 = 0. (Value 𝑗 + 1
represents the minimal value of system state for which we enumerate MCVs).

2.

If 𝑗 = 𝑚 − 1, then STOP because all MCVs has been found.

3.

Initialize state vector 𝒙 = (𝑚1 − 1, 𝑚2 − 1, … , 𝑚𝑛 − 1) and variable 𝑗𝑚𝑎𝑥 = 𝑚 − 1.
(State vector 𝒙 represents a candidate for a MCV and variable 𝑗𝑚𝑎𝑥 corresponds to the
maximal state of the system for which 𝒙 can be a MCV.)

4.

If the CN is the root of the MDD, then state vector 𝒙 is a MCV for all system states
from 𝑗 + 1 to 𝑗𝑚𝑎𝑥 .

5.

From the CN move to a Parent Node (PN) that has not yet been visited from the CN
for the current state vector 𝒙 using the edge with maximal value of the label and set
the value on a position in the state vector 𝒙, which corresponds to the PN, to the label
of this edge.

6.
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a.

If there is no unvisited PN, then set the value on a position in the state vector
𝒙, which corresponds to the CN, to the maximum (i.e., if the CN coincides
with the 𝑖-th component, then use 𝑚𝑖 − 1), set variable 𝑗𝑚𝑎𝑥 to the value that
has been valid in the previous CN, set the CN to the previous CN and GO TO
STEP 5. If the previous CN does not exist (the CN is the sink node with label
𝑗), then increment 𝑗 by 1 and GO TO STEP 2.

b.

If the PN has no edge that is labeled by a value greater than the corresponding
value in the state vector 𝒙, then GO TO STEP 8.

c.

If the PN has edges that are labeled by values greater than the corresponding
value in the state vector 𝒙 (the corresponding component can be in better
states), then increment the corresponding value in this state vector by 1 and
using the state vector 𝒙 check if the path from the PN ends in a sink node
with label that is greater than 𝑗 (we denote this path as P_PN_SiN). Then,
decrement the corresponding value in the state vector 𝒙 by 1 (after this we
get the original state vector 𝒙).

If the path P_PN_SiN ends in a sink node with label 𝑗, then no state vector covered by
the path from the root through the PN and the CN to the sink node 𝑗 (we denote this
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path as P_R_PN_CN_SiN) can be a MCV. In this case set the value in state vector 𝒙,
which corresponds to the CN, to the maximum and GO TO STEP 5.
7.

If the path P_PN_SiN ends in a sink node with label greater than 𝑗, then some state
vectors covered by the path P_R_PN_CN_SiN can be MCVs. In this case set variable
𝑗𝑚𝑎𝑥 to the minimum from 𝑗𝑚𝑎𝑥 and the label of the sink node lying at the end of the
path P_PN_SiN.

8.

Set the CN to the PN. GO TO STEP 4.

C. The Graphical Interpretation of the Algorithm
In this section, we illustrate how the algorithm proposed in the previous section works on the
MDD representing structure function of the system depicted in Fig. 1.
1.

We begin in sink node 0: set the CN to sink node 0 and 𝑗 to 0.

2.

Variable 𝑗 is less than 3 (𝑚 = 4), so we go to the next step.

3.

Set state vector 𝒙 = (2,1,2) and variable 𝑗𝑚𝑎𝑥 = 3.

4.

The CN is not the root, so we continue to the next step.

5.

The CN has two unvisited parent nodes for the current state vector 𝒙 = (2,1,2) that
correspond to variables 𝑥2 and 𝑥3 , so we set the PN to the node corresponding to
variable 𝑥2 . Since the edge with the maximal value of label from the PN to the CN is
labeled by number 0, we set 𝒙 = (2,0,2). (Look at the blue dotted line denoted by
number 5 in Fig. 3.)
a.

An unvisited PN has existed (it corresponds to variable 𝑥2 ), so we continue
to the next step.

b.

The PN corresponding to variable 𝑥2 has an edge that is labeled by a value
greater than value 0 (the value at the position corresponding to variable 𝑥2 in
state vector 𝒙 = (2,0,2)), so we go to the next step.

c.

We set 𝒙 = (2,1,2) and check if the path P_PN_SiN from the PN, which
corresponds to variable 𝑥2 , ends in a sink node that is greater than 0. This is
true. Next, we set 𝒙 = (2,0,2).

6.

The path P_PN_SiN ends in a sink node with label 1, which is greater than 0 (look at
the red solid line denoted by number 6 in Fig. 3), so we continue to the next step.

7.

We set 𝑗𝑚𝑎𝑥 = min{3,1} = 1 and continue to the next step.

8.

We set CN = PN (the CN now corresponds to variable 𝑥2 ) and continue to step 4.
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Fig. 3. The first part of the algorithm running on the MDD depicted in Fig. 1.

4.
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5.

The CN has one unvisited PN (it corresponds to variable 𝑥1 ) for the current state vector
𝒙 = (2,0,2), so we set the PN to it and 𝒙 = (0,0,2) because the edge with the maximal
value of label from the PN to the CN is labeled by number 0. (Look at the blue dotted
line denoted by value 5 in Fig. 4.)
a.

An unvisited PN has existed (it corresponds to variable 𝑥1 ), so we continue
to the next step.

b.

The PN corresponding to variable 𝑥1 has an edge that is labeled by value
greater than value 0, so we go to the next step.

c.

We set 𝒙 = (1,0,2) and check if the path P_PN_SiN from the PN, which
corresponds to variable 𝑥1 , according to values stored in state vector 𝒙 ends
in a sink node greater than 0. This is true. Next, we set 𝒙 = (0,0,2).

6.

The path P_PN_SiN does not end in a sink node with label 0 (look at the red solid line
denoted by number 6 in Fig. 4), so we go to the next step.

7.

The path P_PN_SiN ends in a sink node with label 1, so it means that some state
vectors covered by the path P_R_PN_CN_SiN, can be MCVs. Because of that, we set
𝑗𝑚𝑎𝑥 = min{1,1} = 1 and continue to the next step.

8.

We set CN = PN (the CN now corresponds to variable 𝑥1 ) and continue to step 4.
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Fig. 4. The second part of the algorithm running on the MDD depicted in Fig. 1.

4.

The CN corresponding to variable 𝑥1 is the root, so the current state vector 𝒙 = (0,0,2)
is a MCV for state 1 of the system (i.e., for system states from 𝑗 + 1 = 1 to 𝑗𝑚𝑎𝑥 = 1).

5.

There is no unvisited PN for the current state vector 𝒙 = (0,0,2), so we continue to
the next sub-step.
a.

The CN corresponds to variable 𝑥1 whose maximal value is 2, therefore, we
set 𝒙 = (2,0,2). Next we set 𝑗𝑚𝑎𝑥 = 1 (this value has been valid in the
previous CN); CN = “the previous CN, which corresponds to variable 𝑥2 ”.
Next we go to the beginning of step 5. (Look at the red solid line denoted as
5.a in Fig. 5.)
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Fig. 5. The third part of the algorithm running on the MDD depicted in Fig. 1.
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5.

The CN corresponding to variable 𝑥2 has no unvisited PN for the current state vector
𝒙 = (2,0,2), so we continue to the next sub-step.
a.

The CN corresponds to variable 𝑥2 whose maximal value is 1, therefore, we
set 𝒙 = (2,1,2). During the bottom-up traversing, the previous CN agreed
with sink node 0, so we set 𝑗𝑚𝑎𝑥 = 3 and CN = “sink node 0”. Next we go to
the beginning of step 5. (Look at the red solid line denoted as 5.a in Fig. 6.)
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Fig. 6. The fourth part of the algorithm running on the MDD depicted in Fig. 1.

5.

The CN (sink node 0) has only one unvisited node (it corresponds to variable 𝑥3 ) for
the current state vector 𝒙 = (2,1,2), so we set the PN to that node and 𝒙 = (2,1,0)
because the edge with the maximal value of label from the PN to the CN is labeled by
number 0. (Look at the blue dotted line denoted by number 5 in Fig. 7.)
a.

An unvisited PN has existed (it corresponds to variable 𝑥2 ), so we continue
to the next step.

b.

The PN corresponding to variable 𝑥3 has an edge that is labeled by a value
greater than value 0 (the value at the position corresponding to variable 𝑥3 in
state vector 𝒙 = (2,1,0)), so we go to the next step.

c.

We set 𝒙 = (2,1,1) and check if the path P_PN_SiN from the PN, which
corresponds to variable 𝑥3 , ends in a sink node that is greater than 0. This is
true. Next, we set 𝒙 = (2,1,0).

6.

The path P_PN_SiN ends in a sink node with label 1, which is greater than 0 (look at
the red solid line denoted by number 6 in Fig. 7), so we continue to the next step.

7.

We set 𝑗𝑚𝑎𝑥 = min{3,1} = 1 and continue to the next step.

8.

We set CN = PN (the CN now corresponds to variable 𝑥3 ) and continue to step 4.
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Fig. 7. The fifth part of the algorithm running on the MDD depicted in Fig. 1.
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The CN corresponding to variable 𝑥3 is not the root, so we continue to the next step.

5.

The CN has one unvisited PN (it corresponds to variable 𝑥2 ) for the current state vector

77

Central European Researchers Journal, Vol.5 Issue 2

𝒙 = (2,1,0), so we set the PN to it and 𝒙 = (2,1,0) because the edge with the maximal
value of label from the PN to the CN is labeled by number 1. (Look at the blue dotted
line denoted by value 5 in Fig. 8.)

8.

a.

An unvisited PN has existed (it corresponds to variable 𝑥2 ), so we continue
to the next step.

b.

The PN corresponding to variable 𝑥2 has no edge that is labeled by value
greater than value 1, so we continue to step 8.

We set CN = PN (the CN now corresponds to variable 𝑥2 ) and continue to step 4.
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Fig. 8. The sixth part of the algorithm running on the MDD depicted in Fig. 1.

4.

The CN corresponding to variable 𝑥2 is not the root, so we continue to the next step.

5.

The CN has one unvisited PN (it corresponds to variable 𝑥1 ) for the current state vector
𝒙 = (2,1,0), so we set the PN to it and 𝒙 = (0,1,0) because the edge with the maximal
value of label from the PN to the CN is labeled by number 0. (Look at the blue dotted
line denoted by value 5 in Fig. 9.)

6.

a.

An unvisited PN has existed (it corresponds to variable 𝑥1 ), so we continue
to the next step.

b.

The PN corresponding to variable 𝑥1 has an edge that is labeled by value
greater than value 0, so we go to the next step.

c.

We set 𝒙 = (1,1,0) and check if the path P_PN_SiN from the PN, which
corresponds to variable 𝑥1 , according to values stored in state vector 𝒙 ends
in a sink node greater than 0. This is true. Next, we set 𝒙 = (0,1,0).

The path P_PN_SiN does not end in a sink node with label 0 (look at the red solid line
denoted by number 6 in Fig. 9), so we go to the next step.
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Fig. 9. The seventh part of the algorithm running on the MDD depicted in Fig. 1.

7.

78

The path P_PN_SiN ends in a sink node with label 1, so it means that some state
vectors covered by the path P_R_PN_CN_SiN, can be MCVs. Because of that, we set
𝑗𝑚𝑎𝑥 = min{1,1} = 1 and continue to the next step.
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8.

We set CN = PN (the CN now corresponds to variable 𝑥1 ) and continue to step 4.

4.

The CN corresponding to variable 𝑥1 is the root, so state vector 𝒙 = (0,1,0) is a MCV
for state 1 of the system (i.e., for system states from 𝑗 + 1 = 1 to 𝑗𝑚𝑎𝑥 = 1).

5.

There is no unvisited PN for the current state vector 𝒙 = (0,1,0), so we continue to
the next sub-step.
a.

The CN corresponds to variable 𝑥1 whose maximal value is 2, therefore, we
set 𝒙 = (2,1,0). Next we set 𝑗𝑚𝑎𝑥 = 1 (this value has been valid in the
previous CN); CN = “the previous CN, which corresponds to variable 𝑥2 ”.
Next we go to the beginning of step 5. (Look at the red solid line denoted as
5.a in Fig. 10.)
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Fig. 10. The eight part of the algorithm running on the MDD depicted in Fig. 1.

6.

The CN corresponding to variable 𝑥2 has no unvisited PN for the current state vector
𝒙 = (2,1,0), so we continue to the next sub-step.
a.

The CN corresponds to variable 𝑥2 whose maximal value is 1, therefore, we
set 𝒙 = (2,1,0). During the bottom-up traversing, the previous CN agreed
with the node corresponding to variable 𝑥3 , so we set 𝑗𝑚𝑎𝑥 = 1 and CN = “the
previous CN, which corresponds to variable 𝑥3 ”. Next we go to the beginning
of step 5. (Look at the red solid line denoted as 5.a in Fig. 11.)
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Fig. 11. The ninth part of the algorithm running on the MDD depicted in Fig. 1.

5.

The CN corresponding to variable 𝑥3 has no unvisited PN for the current state vector
𝒙 = (2,1,0), so we continue to the next sub-step.
a.

5.
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The CN corresponds to variable 𝑥3 whose maximal value is 2, therefore, we
set 𝒙 = (2,1,2). During the bottom-up traversing, the previous CN agreed
with the sink node 0, so we set CN = “sink node 0”. In those time, 𝑗𝑚𝑎𝑥 was
3, therefore, we set 𝑗𝑚𝑎𝑥 = 3 and continue to the beginning of step 5. (Look
at the red solid line denoted as 5.a in Fig. 12.)

The CN corresponding to sink node 0 has no unvisited PN for the current state vector
𝒙 = (2,1,2), so we continue to the next sub-step.
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a.

There does not exist any previous CN, so we increment 𝑗 by 1 (i.e., 𝑗 = 1)
and continue to step 2. In this phase, we have all MCVs for state 1 of the
system. In the following steps, we gain MCVs for other states of the system
(i.e., for 2 and 3).
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Fig. 12. The tenth part of the algorithm running on the MDD depicted in Fig. 1.

Using the algorithm described above, we can find that the system has two MCVs for state 1
(state vectors (0,0,2) and (0,1,0)), three for state 2 (state vectors (0,1,2), (2,0,2), and (2,1,0))
and three for state 3 (state vectors (1,1,2), (2,0,2), and (2,1,1)). These MCVs are same as those
enumerated based on the truth table shown in Fig. 1 using the generalization of the algorithm
proposed in [42] for MSSs.
V. CONCLUSION
MCVs play an important role in reliability analysis. They are useful in computation of system
unavailability or availability, in investigation of importance of the system components for
operation of the system, or in planning system maintenance. Because of that, one of the key
tasks of reliability analysis is their efficient identification. In this paper, we presented a simple
algorithm for their enumeration based on the assumption that the structure function of the
system is represented by a MDD. This algorithm traverses the MDD and identifies candidates
for MCVs. During the traversing, each candidate is checked based on property (13). If it meets
this property, then the candidate is a MCV. However, as we saw in the graphical illustration of
the algorithm, some nodes of the MDD can be visited several times. In the future work, we
would like to modify this algorithm in such a way that all nodes of the MDD will be visited at
most once. This can result in more efficient algorithm for enumeration of MCVs.
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